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RING ISOMORPHISMS OF CLOSED STATE SPACES VIA
HOMOLOGICAL MIRROR SYMMETRY
SANGWOOK LEE
Abstract. We investigate how ring isomorphisms between mirror closed states
of compact toric Fano manifolds come from homological mirror symmetry. A
natural closed-open relation on B-side is also discussed.
1. Introduction
1.1. Mirror symmetry. Mirror symmetry, which is one of central concepts in
string theory, has also enabled mathematicians to predict a number of striking
coincidences of structures which come from different origins. It was first recognized
as a powerful tool in mathematics when it successfully predicted curve countings
in Calabi-Yau manifolds([4]) in terms of period integrals. If we consider a Fano
manifold X instead of Calabi-Yau manifolds, then a version of (closed string) mirror
symmetry conjecture translates into the following ring isomorphism:
(1.1) QH∗(X) ∼= Jac(W )
where the holomorphic function W is the Landau-Ginzburg mirror of X. We will
call these algebras as closed state spaces(quantum cohomologies are A-models, while
Jacobian rings are B-models). Obviously the isomorphism is surprising: it com-
pares a symplectic geometry data(counting of rational curves) on one hand and a
deformation theoretic invariant of a holomorphic function on the other hand. There
have been several works concerning this statement, for example [3, 18].
Later Kontsevich introduced the mirror conjecture for open strings in mathemat-
ical language, so-called the homological mirror symmetry. For Calabi-Yau mirror
pairs (X, Xˇ), it compares two A∞-categories, one is the Fukaya category(A-model)
Fu(X) and the other is Db∞Coh(Xˇ), the (dg-enhancement of) derived category of
coherent sheaves(B-model) on Xˇ. For a Fano manifold, if the A-model is its Fukaya
category, then the B-model is a category of matrix factorizations MF (W ) of the
Landau-Ginzburg mirror W .
We focus on compact toric manifolds. In this case, Fukaya-Oh-Ohta-Ono[14]
constructed the mirror isomorphism (1.1) in terms of disc countings. They show
that every ambient cycle can be used as a “bulk parameter”, so that the obstruction
mb0 deforms to a new multiple of the unit m
b,b
0 if b is a weak bounding cochain.
Furthermore any derivative of mb,b0 with respect to a direction in ambient cycles is
still a multiple of the unit, and the coefficients are used to define the isomorphism.
For toric Fano manifolds, we have homological mirror symmetry. In [6] they
construct a functor from the Fukaya category of a toric Fano manifold to the cat-
egory of matrix factorizations. The functor sends a full subcategory C generated
by strongly balanced torus fibers to the whole category, because image objects are
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2 SANGWOOK LEE
easily seen to be generators. On the other hand, in [10] Evans-Lekili proved a gener-
ation result for monotone Hamiltonian G-manifolds: in particular we deduce from
their result that the subcategory C generates the Fukaya category, so we obtain
the homologica mirror symmetry for Fano case. A more general theorem of the
generations of Fukaya categories of compact toric manifolds has been announced
by [1].
1.2. Closed-open relations. It has been widely believed that the homological
mirror symmetry “induces” the closed string mirror symmetry. In particular, if
we concentrate on the ring structure of mirror closed state spaces, then we expect
that they are isomorphic to Hochschild cohomology algebras of mirror categories.
If a holomorphic function W has isolated singularities, then we indeed have a ring
isomorphism
γ : HH∗(MF (W )) ∼= Jac(W )
which can be seen as a “closed-open map” on the Landau-Ginzburg B-model. We
will construct γ explicitly and justify why it deserves the name.
For Fukaya categories, it is in general hard to prove that their Hochschild co-
homologies are isomorphic to quantum cohomologies. By [10] again, for monotone
Hamiltonian G-manifolds we have isomorphisms between them, by a corollary of
the generation result.
1.3. Result of this paper. We study how ks can be realized as a ring isomorphism
from homological mirror symmetry. More precisely, we prove the following.
Theorem 1.1. Let X be a compact toric Fano manifold and PO be its LG super-
potential. Then there is a Fu(X)-MFA∞(PO)-bimoduleM such that the following
diagram commutes:
QH∗(X) CO //
ks

HH∗(Fu(X))
∼=
L1M ))
Hom(M,M).
⊕
η∈Crit(PO) Jac(PO; η)
γ // HH∗(MFA∞(PO))
∼=
R1M
55
We will constructM explicitly from the localized mirror functor between Fu(X)
and MFA∞(PO). The maps L
1
M and R
1
M from Hochschild cohomologies to the
endomorphism space of M are described in [22] and will be reviewed. The main
content of the proof begins with an explicit description of the map γ in terms of
the bar resolution. Then the proof is a usual check of A∞-relations together with
their differentiations.
We organize the paper as follows: in Section 2 we recall algebraic preliminar-
ies concerning A∞-categories. Then we recollect relevant definitions and facts of
Lagrangian Floer theory on compact toric manifolds in Section 3. Section 4 deals
with categories of matrix factorizations. In Section 5 we study mirror symmetries,
both closed and open string ones. Finally, we state and prove our main theorem in
Section 6.
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2. A∞-categories and A∞-bimodules
2.1. Basic definitions. We refer readers to [15, 21, 22] for more detailed expla-
nations and proofs of the results discussed in this section.
Definition 2.1. The Novikov field is Λ :=
{∑
i≥0
aiT
λi | ai ∈ C, λi ∈ R, λi →
∞ as i→∞
}
.
A filtration F •Λ of Λ is given by
FλΛ :=
{∑
i≥0
aiT
λi | λi ≥ λ for all i
}
⊂ Λ.
We write
F+Λ :=
{∑
i≥0
aiT
λi | λi > 0 for all i
}
.
The Novikov ring Λ0 is F
0Λ.
Definition 2.2. A filtered A∞-category C over Λ consists of a class of objects
Ob(C) and the set of morphisms homC(A,B) for each pair of objects A and B(we
write C(A,B) instead of homC(A,B) for simplicity), with the following conditions:
(1) C(A,B) is a filtered Z/2-graded Λ-vector space for any A,B ∈ Ob(C),
(2) for k ≥ 0 there are multilinear maps of degree 1
mk : C(A0, A1)[1]⊗ C(A1, A2)[1]⊗ · · · ⊗ C(Ak−1, Ak)[1]→ C(A0, Ak)[1]
such that they preserve the filtration and satisfy the A∞-relation
(2.1)
∑
k1+k2=n+1
k1∑
i=1
(−1)mk1(x1, ..., xi−1,mk2(xi, ..., xi+k2−1), xi+k2 , ..., xn) = 0
where  =
∑i−1
j=1(|xj |+ 1).
The meaning of m0 is that for each object A we have m
A
0 ∈ hom1(A,A)[1] =
hom2(A,A).
For convenience, we write |xj |′ := |xj |+ 1.
We can also define A∞-operations by coderivations. Let
BC :=
⊕
X0,··· ,Xk∈Ob(C)
C(X0, X1)[1]⊗ · · · ⊗ C(Xk−1, Xk)[1].
Then define
mˆ : BC → BC,
mˆ(x0, · · · , xk−1) =
∑
l,j
(−1)
∑l
i=0
|xi|′x0⊗· · ·⊗xl⊗mj(xl+1, · · · , xl+j), xl+j+1⊗· · ·⊗xk−1.
Now (2.1) is equivalent to mˆ ◦ mˆ = 0.
Definition 2.3. Let C and C′ be A∞-categories. An A∞-functor between C and C′
is a collection F = {Fi}i≥0 consisting of
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• F0 : Ob(C)→ Ob(C′),
• Fk : C(A0, A1)[1]⊗ · · · ⊗ C(Ak−1, Ak)[1]→ C′(F0(A0),F0(Ak))[1], mulitlin-
ear maps of degree 0
which are subject to the following condition:∑
i,j
(−1)|x1|′+···+|xi−1|′Fi−j+k(x1, ..., xi−1,mCj−i+1(xi, ..., xj), xj+1, ..., xk)
=
∑
l
mC
′
l+1(Fi1−1(x1, ..., xi1),Fi2−i1(xi1+1, ..., xi2), ...,Fk−il(xil+1, ..., xk)).
Again, we can define an A∞-functor F as an equation
F ◦ mˆ = m ◦ Fˆ
where
Fˆ : BC → BC,
Fˆ(x1, · · · , xk) =
∑
i1,··· ,il
Fi1(x1, · · · , xi1)⊗ · · · ⊗ Fil(xk−il+1, · · · , xk).
For x ∈ hom(A,B), we have
(2.2) m21(x) +m2(m
A
0 , x) + (−1)|x|+1m2(x,mB0 ) = 0.
Hence if m0 = 0, then m
2
1 = 0, but if m0 is nonzero then m1 does not have to be a
differential.
To achieve m21 = 0 so that we can think of m1-homologies, we need to deform
the original A∞-category. We recall more definitions.
Definition 2.4. For an object A in an A∞-category C, eA ∈ C(A,A) is called a
unit if it satisfies
(1) m2(eA, x) = x, m2(y, eA) = (−1)|y|y for any x ∈ C(A,B), y ∈ C(B,A),
(2) mk+1(x1, ..., eA, ..., xk) = 0 for any k 6= 1.
Definition 2.5. An element b ∈ F+C1(A,A) is called a weak bounding cochain of
A if it is a solution of the weak Maurer-Cartan equation
(2.3) m(eb) := mA0 +m1(b) +m2(b, b) + · · · = PO(A, b) · eA
for some PO(A, b) ∈ Λ. If such a solution exists, then A is called weakly unob-
structed. If there exists a solution b such that PO(A, b) = 0, then b is called a
bounding cochain and A is called unobstructed. PO(A, b) is called the Landau-
Ginzburg superpotential of b.
We denoteMweak(A) be the set of weak bounding cochains of A. Then PO(A, ·)
is a function on Mweak(A). We also define
Mλweak(A) := {b ∈Mweak(A) | PO(A, b) = λ}.
Given an A∞-category C, under the assumptionMλweak(A) is nonempty for some
objects, we define a new A∞-category Cλ as
Ob(Cλ) =
⋃
A∈Ob(C)
{A} ×Mλweak(A),
homCλ((A1, b1), (A2, b2)) = homC(A1, A2)
with the following A∞-structure maps
mb0,...,bkk : Cλ((A0, b0), (A1, b1))⊗· · ·⊗Cλ((Ak−1, bk−1), ((Ak, bk))→ Cλ((A0, b0), (Ak, bk)),
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mb0,...,bkk (x1, ..., xk) :=
∑
l0,...,lk
mk+l0+···+lk(b
l0
0 , x1, b
l1
1 , ..., b
lk−1
k−1 , xk, b
lk
k )
where xi ∈ Cλ((Ai, bi), (Ai+1, bi+1)). A∞-relation is induced by the weak Maurer-
Cartan equation (2.3).
Theorem 2.6. Let (A0, b0), (A1, b1) ∈ Ob(Cλ). Then (mb0,b11 )2 = 0.
Proof. Let x ∈ Cλ((A0, b0), (A1, b1)). Then the A∞-equation is
(mb0,b11 )
2 +m2(m(e
b0), x) + (−1)|x|+1m2(x,m(eb1)) = 0.
By m(eb0) = λ · eA0 , m(eb1) = λ · eA1 and by definition of units,
m2(m(e
b0), x) + (−1)|x|+1m2(x,m(eb1)) = 0,
so (mb0,b11 )
2 = 0. 
Hence, if there exist weak Maurer-Cartan solutions, we get a new A∞-category
withm21 = 0 by restricting to objects sharing certain value of a Landau-Ginzburg(LG
for short) superpotential.
Definition 2.7. Let C and D be A∞-categories. A C-D-bimodule M is the follow-
ing data:
• For V ∈ Ob(C) and V ′ ∈ Ob(D), M(V, V ′) is a graded k-vector space,
• degree 1− r − s multilinear maps
µr|1|s : C(V0, V1)⊗ · · · ⊗ C(Vr−1, Vr)⊗M(Vr,W0)⊗D(W0,W1)⊗ · · · ⊗ D(Ws−1,Ws)
→M(V0,Ws)
for any Vi ∈ Ob(C) and Wj ∈ Ob(D) satisfying∑
(−1)µi+1|1|s−j−1(v0, · · · , vi, µr−i−1|1|j+1(vi+1, · · · , vr−1,m,w0, · · · , wj), wj+1, · · · , ws−1)
+
∑
(−1)µi+r−j+1|1|s(v0, · · · , vi,mCj−i(vi+1, · · · , vj), vj+1, · · · , vr−1,m,w0, · · · , ws−1)
+
∑
(−1)′µr|1|i+s−l+1(v0, · · · , vr−1,m,w0, · · · , wi,mDl−i(wi+1, · · · , wl), wl+1, · · · , ws−1)
= 0
where
 = |v0|′ + · · ·+ |vi|′, ′ = |v0|′ + · · ·+ |vr−1|′ + |m|+ |w0|′ + · · ·+ |wi|′.
Definition 2.8. A pre-morphism of C-D-bimodules F :M→M′ of degree k is a
collection of multilinear maps
Fr|1|s : C(V0, V1)⊗ · · · ⊗ C(Vr−1, Vr)⊗M(Vr,W0)⊗D(W0,W1)⊗ · · · ⊗ D(Ws−1,Ws)
→M′(V0,Ws)
of degree k − r − s, and the composition F ′ ◦ F is defined by
(F ′ ◦ F)(v1, · · · , vr,m,w1, · · · , ws)
:=
∑
(−1)|F|(|v1|′+···+|vi|′)F ′i|1|s−j(v1, · · · , vi,Fr−i|1|j(vi+1, · · · ,m,w1, · · · , wj), wj+1, · · · , ws).
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The differential δ on premorphisms is defined by
(δF)(v1, · · · , vr,m,w1, · · · , ws)
:=
∑
(−1)1µi|1|s−jM′ (v1, · · · , vi,Fr−i|1|j(vi+1, · · · , vr,m,w1, · · · , wj), wj+1, · · · , ws)
−
∑
(−1)2F i|1|s−j(v1, · · · , vi, µr−i|1|s−j(vi+1, · · · , vr,m,w1, · · · , wj), wj+1, · · · , ws)
−
∑
F∗|1|s(mˆC(v1, · · · , vr),m,w1, · · · , ws)
−
∑
(−1)3Fr|1|∗(v1, · · · , vr,m, mˆD(w1, · · · , ws))
where
1 = |F|(|v1|′ + · · ·+ |vi|′), 2 = |v1|′ + · · ·+ |vi|′, 3 = |v1|′ + · · ·+ |vr|′ + |m|.
More succintly,
δF = µM′ ◦ Fˆ − (−1)|F|F ◦ µˆM.
Remark 2.9. The definition of the degree of a pre-morphism of bimodules is mo-
tivated by the fact that the degree k pre-morphism is indeed given by multilinear
maps
C[1]⊗r ⊗M⊗D[1]⊗s →M
of degree k. Once we accept such a perspective on degrees of maps, all signs obey
only Koszul conventions and so we sometimes just write (−1)Koszul for signs when
it is sufficient.
The readers can easily check that C-D-bimodules together with premorphisms
form a dg category. If F : M → N is a premorphism such that δF = 0 and
its cohomology level map [F0|1|0] is an isomorphism, then F is called a quasi-
isomorphism and write M∼= N .
Example 2.10. For an A∞-category C, the diagonal bimodule C∆ is a C-C-bimodule
defined by
C∆(X,Y ) := C(X,Y )
with module structure maps
µr|1|s := mCr+s+1.
We recall some operations on bimodules.
Definition 2.11 (Base change). Let F : C1 → C2 and G : D1 → D2 be A∞-functors.
Suppose thatM is a C2-D2-bimodule. Then a C1-D1-bimodule (F⊗G)∗M is defined
on objects by
(F ⊗ G)∗M(X,Y ) :=M(F(X),G(Y ))
for X ∈ Ob(C1), Y ∈ Ob(D1), and the structure maps are given by
µ
r|1|s
(F⊗G)∗M(v1, · · · , vr,m,w1, · · · , ws)
:=
∑
k,l
µ
k|1|l
M
(Fi1(v1, · · · ), · · · ,Fik(· · · , vr),m,Gj1(w1, · · · ), · · · ,Gjl(· · · , ws)).
Definition 2.12 (Tensor product). Let M be a C-D-bimodule and N be a D-E-
bimodule for A∞-categories C, D and E. Then M⊗D N is a C-E-bimodule such
that
(M⊗DN )(C,E) :=
⊕
D1,...,Dk∈Ob(D)
M(C,D1)⊗D(D1, D2)⊗· · ·⊗D(Dk−1, Dk)⊗N (Dk, E)
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for C ∈ Ob(C) and E ∈ Ob(E), and the structure maps are given as follows:
µ
0|1|0
M⊗DN (m⊗ d1 ⊗ · · · ⊗ dk ⊗ n)
:=
∑
µ
0|1|i
M (m, d1, · · · , di)⊗ di+1 ⊗ · · · ⊗ dk ⊗ n
+
∑
(−1)Koszulm⊗ d1 ⊗ · · · ⊗ di ⊗mDj−i(di+1, · · · , dj)⊗ dj+1 ⊗ · · · ⊗ dk ⊗ n
+
∑
(−1)Koszulm⊗ d1 ⊗ · · · ⊗ di ⊗ µk−i|1|0N (di+1, · · · , dk, n),
µ
r|1|0
M⊗DN (c1, · · · , cr,m⊗ d1 ⊗ · · · ⊗ dk ⊗ n)
:=
∑
µ
r|1|p
M (c1, · · · , cr,m, d1, · · · , dp)⊗ dp+1 ⊗ · · · ⊗ dk ⊗ n,
µ
0|1|s
M⊗DN (m⊗ d1 ⊗ · · · ⊗ dk ⊗ n, e1, · · · , es)
:=
∑
(−1)Koszulm⊗ d1 ⊗ · · · ⊗ dp ⊗ µk−p|1|sN (dp+1, · · · , dk, n, e1, · · · , es)
and µ
r|1|s
M⊗DN = 0 if r and s are both nonzero.
Definition 2.13. Two A∞-categories C and D are Morita equivalent if there is a
C-D-bimodule M and a D-C-bimodule N such that
M⊗D N ∼= C∆, N ⊗CM∼= D∆.
In this case, we call M and N be Morita bimodules.
2.2. Hochschild cohomology.
Definition 2.14. Let M be an A∞-bimodule over C. We define the Hochschild
cochain complex of M
CH∗(C,M) :=
∏
X0,...,Xk∈Ob(C)
hom•
(C(X0, X1)[1]⊗· · ·⊗C(Xk−1, Xk)[1],M(X0, Xk))[−1]
with differential b∗ defined by
b∗φ(x0, · · · , xk−1)
:=
∑
φ(mˆ(x0, · · · , xk−1))
+
∑
(−1)|φ|′(|x0|′+···+|xi|′)µi+1|1|k−l−1M (x0, · · · , xi, φ(xi+1, · · · , xl), xl+1, · · · , xk−1).
Its cohomology of b∗ is called the Hochschild cohomology of C with coefficient in
M. If M = C∆, then we write CH∗(C) := CH∗(C, C∆).
Proposition 2.15 ([17]). CH∗(C) is an A∞-algebra with A∞-operations given by
Mk(φ1, · · · , φk)(x1, · · · , xn)
:=
∑
(−1)m∗(~xi1 , φ1(~xj1), ~xi2 , φ2(~xj2), · · · , ~xik , φk(~xjk), ~xik+1).
with ~xi1 ⊗ ~xj1 ⊗ · · · ⊗ ~xik+1 = x1 ⊗ · · · ⊗ xn, M0 = 0, M1 = b∗, and
 =
k∑
l=1
|φl|′(|~xi1 |′ + |~xj1 |′ + · · ·+ |~xjl−1 |′ + |~xil |′).
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In particular, the binary product M2 induces the Yoneda product ∪ on the co-
homology HH∗(C) by
φ ∪ ψ := (−1)|φ|M2(φ, ψ).
Then the Yoneda product is associative.
2.3. Morita invariance of Hochschild cohomology. Let A and B be Morita
equivalent with Morita bimodules M and N which are over A-B and B-A respec-
tively. Recall the following:
Lemma 2.16 ([22]). The following are A∞ quasi-isomorphisms
LM : CH∗(A)→ hom∗A−B(M,M),
RM : CH∗(B)op → hom∗A−B(M,M)
which are defined as follows:
LpM(φ1, · · · , φp)(a1, · · · , ar,m, b1, · · · , bs)
:=
∑
(−1)Koszulµ∗|1|sM (~a1, φ1(~a2),~a3, · · · , φp(~a2p),~a2p+1,m, b1, · · · , bs),
RpM(φ1, · · · , φp)(a1, · · · , ar,m, b1, · · · , bs)
:=
∑
(−1)Koszulµr|1|∗M (a1, · · · , ar,m,~b1, φp(~b2),~b3, · · · , φ1(~b2p),~b2p+1).
In particular, L1M and R
1
M induce ring isomorphisms on cohomology level.
Later we will examine the maps L1M and R
1
M carefully for the Morita bimodule
between mirror pairs Fu(X) and MFA∞(W ).
3. Lagrangian Floer theory on compact toric manifolds
3.1. Review on Fukaya categories. Let (X,ω) be a symplectic manifold and
L0, · · · , Lk be its Lagrangian submanifolds. Pick a compatible almost complex
structure J0 on (X,ω). For a while we only assume an extreme case of intersect-
ing patterns of those Lagrangians: there are only transverse intersections among
L0, · · · , Lk. But we will also deal with the other extreme case L0 = · · · = Lk later.
Let CF (Li, Li+1) :=
⊕
p∈Li∩Li+1
Λ · p be a Z/2-graded vector space over Λ. The
degree is defined by the Maslov index of each intersection point. Let β ∈ pi2(X,L0∪
· · · ∪ Lk). Define a moduli space
M̂(p0, · · · , pk−1; q;β; J0)
:={u : (D2, z0, · · · , zk−1, zk) J0−hol−→ (X, p0, · · · , pk−1, q) |
u(z˙izi+1) ⊂ Li+1, u(zˆz0) ⊂ L0, [u] = β}.
and M(p0, · · · , pk−1; q;β; J0) be its stable map compactification. In general
such moduli spaces may not be transversal, so we apply Kuranishi perturbations
and achieve moduli spaces of correct dimensions. We denote such ‘correct’ moduli
space by M(p0, · · · , pk−1; q;β), omitting J0. Suppose that we can take suitable
Kuranishi perturbations so that boundary components of the moduli spaces are
expressed as fiber products of moduli spaces of the same kind with respect to
evaluation maps at boundary marked points(these technical assumptions can be
indeed achieved for compact toric manifolds, see [12, 13, 14]).
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Now, define
mk(p0, · · · , pk−1) :=
∑
β∈pi2(X,L0∪···∪Lk)
q∈Lk∩L0
#M(p0, · · · , pk−1; q;β) · Tω(β) · q.
We only count the moduli space when the correct virtual dimension is zero. The
above technical assumptions enables us to say that these operations satisfy a filtered
A∞-relation (2.1).
Definition 3.1. The Fukaya category Fu(X) is an A∞-category whose objects are
Lagrangian submanifolds and morphism spaces are CF (L,L′). The A∞-structure
is given by above operations {mk}k≥0. The derived Fukaya category DpiFu(X) is
the homotopy category of the triangulated envelope of Fu(X) followed by Karoubi
completion.
In general, there might be nonzero m0, which comes from holomorphic discs
whose boundaries are on Lagrangian submanifolds. More precisely, for β ∈ pi2(X,L),
letMmain1 (β) be the (Kuranishi perturbed) moduli space of holomorphic discs of ho-
motopy classes β with a boundary marked point. Define mL0,β := PD((ev0)∗M1(β))
which is a cocycle in L, and let mL0 :=
∑
β∈pi2(X,L)
mL0,β . Higher A∞-algebra operations
on a single Lagrangian are defined as follows. Let Mmaink+1 (β) be the moduli space
of holomorphic discs of class β with k + 1 boundary marked points which respect
the counterclockwise cyclic order. Let
evβ0 , · · · , evβk :Mmaink+1 (β)→ L
be evaluation maps at marked points (z0, · · · , zk) of each disc. Let p1, · · · , pk be
cycles of L. Then
mLk,β : H
∗(L; Λ)⊗k → H∗(L; Λ)
is defined by
(PD(p1), · · ·PD(pk)) 7→ PD[(evβ0 )!(evβ1 × · · · × evβk )∗(p1 × · · · × pk)].
Define
mLk :=
∑
β
Tω(β) ·mLk,β .
We refer to [11, 12] for the well-definedness of above operations on the de Rham
model of each single Lagrangian submanifold. If we take Kuranishi perturbations
successfully, then the fundamental class [L] plays the role of the A∞-unit, so the
following definition makes sense(see Definition 2.5).
Definition 3.2. We say L is weakly unobstructed if there is a chain b ∈ C∗(L; Λ)
such that for some constant PO(L, b) ∈ Λ,
(mL0 )
b := mL0 +m
L
1 (b) +m
L
2 (b, b) + · · · = c · [L].
The constant PO(L, b) is called the superpotential of (L, b).
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3.2. Floer theory on compact toric manifolds. Let X be a compact toric
manifold and pi : X → P be the moment map. For u ∈ Int(P ), let L(u) := pi−1(u),
i.e. a Lagrangian torus fiber over u. Recall that P can be expressed as
P = {u ∈ Rn | lj(u) ≥ 0, j = 1, · · · ,m}
for certain affine functionals lj : Rn → R. Let ~vj be the primitive normal vector to
the facet ∂iP = {u ∈ Rn | lj(u) = 0}. Let
~vj = (vj,1, · · · , vj,n).
Based on the classification of holomorphic discs bounded by torus fibers [8] and
the transversality result [12], we have the following substantial result.
Theorem 3.3 ([12]). • Every torus fiber L(u) of a compact toric manifold X
is weakly unobstructed and H1(L(u); Λ0) is contained in the weak Maurer-
Cartan solution space.
• Let {ei}i=1,··· ,n be the basis of L(u), consisting of elements representing
dti. Let {xi}i=1,··· ,n be the dual basis and b = ∑i xiei. Then the potential
PO(L(u), b) has the expression
PO(L(u), b) = z1 + · · ·+ zm +
N∑
k=1
Pk(z1, · · · , zm)
where zi := T
lj(u)(yu1 )
vj,1 · · · (yun)vj,n and yu1 := exi . If X is furthermore
Fano, then Pk are all zero.
• The above expression PO(L(u), b) only depends on X(and independent of
u), so we denote the above PO(L(u), b) just by PO(x1, · · · , xn), or PO
for short.
We are particularly interested in Crit(PO) because of the following fact:
Theorem 3.4. [8, 12] If b =
∑
aiei ∈ H1(L(u),Λ0) then the following are equiv-
alent:
• ∂PO
∂xi
(b) = 0 for all i = 1, · · · , n.
• HF ((L(u), b), (L(u), b); Λ) ∼= H∗(Tn; Λ).
• HF ((L(u), b), (L(u), b)) 6= 0.
Finally we recall the following generation result.
Theorem 3.5 ([1, 10]). For a compact toric Fano manifold X, we have a decom-
position
DpiFu(X) =
⊕
η∈Crit(PO)
DpiFuη(X)
and every torus fiber with a weak bounding cochain in Crit(PO) generates DpiFuη(X).
3.3. Closed-open maps. LetMmaink+1,l(β) be the moduli space of holomorphic discs
of class β with k + 1 boundary marked points respecting the cyclic order and l
interior marked points. Define the evaluation map
ev = (ev+1 , · · · , ev+l , ev0, · · · , evk) :Mmaink+1,l(β)→ X l × Lk+1
and consider the map [11, 13]:
ql,k;β : El(A)⊗H∗(L; Λ)⊗k → H∗(L; Λ),
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ql,k;β([α1 ⊗ · · · ⊗ αl], p1, · · · , pk)
:=(ev0)∗(ev+1 × · · · × ev+l × ev0 ⊗ · · · ⊗ evk)∗([α1 ⊗ · · · ⊗ αl], p1 ⊗ · · · ⊗ pl).
Here El(A) means the subspace of A⊗l, consisting of Sl-invariant elements and
[α1 ⊗ · · · ⊗ αl] =
∑
σ∈Sk
1
l!
ασ(1) ⊗ · · · ⊗ ασ(l).
We similarly define
ql,k;β([α1 ⊗ · · · ⊗ αl], p1, · · · , pk)
for p1, · · · , pk being transverse intersections among distinct Lagrangians L0, · · · , Lk,
using moduli spaces of holomorphic polygons with faces on L0, · · · , Lk together with
interior marked points. We also define (both for a single Lagrangian or a transversal
collection of Lagrangians)
ql,k([α1⊗ · · · ⊗αl], p1, · · · , pk) :=
∑
β∈pi2(M,~L)
ql,k;β([α1⊗ · · · ⊗αl], p1, · · · , pk) ·Tω(β).
Theorem 3.6 ([13]). Let X be a compact toric manifold. Then for any b ∈ A(Λ+)
and b ∈ H1(L(u); Λ) the following always holds:
∞∑
l=0
∞∑
k=0
ql,k(b
l; bk) ≡ 0 mod Λ+e.
We denote the left hand side by POb(b) · e and call the coefficient POb(b) a bulk-
deformed potential.
Now we define the following.
Definition 3.7. Let X be a compact toric manifold and b ∈ A(Λ+). Let b0, · · · , bk
be weak bounding cochains. Then the following operations define a new A∞-structure:
mb,
~b
k (x1, · · · , xk) :=
∞∑
l=0
ql,∗(bl; eb0 , x1, eb1 , x2, · · · , ebk−1 , xk, ebk).
Let b = tα where α ∈ A and t is a formal variable, and b = ∑xiei ∈
H1(L(u),Λ0) for some u ∈ Int(P ). Then POb(b) is a formal power series in t.
We observe the following:‹ks(α) := ∂POb(b)
∂t
∣∣
t=0
=
∑
k≥0
q1,k(α; b
k).
By above theorem, ‹ks(α) is a multiple of the unit e. Again, the coefficient is a power
series in x1, · · · , xn, or a Laurent polynomial in y1, · · · , yn. We will later employ‹ks for the statement of the closed string mirror symmetry for toric Fano manifolds.
We can also think of the t-derivative of A∞-equations of {mtα,~bk } at t = 0 as
follows(we omit the decoration ebi for simplicity).
0 =
∑
(−1)|x1|′+···+|xi|′mi+k−j+1
(
x1, · · · , xi, q(α;xi+1, · · · , xj), xj+1, · · · , xk
)(3.1)
+
∑
(−1)|x1|′+···+|xi|′q(α;x1, · · · , xi,mj−i(xi+1, · · · , xj), xj+1, · · · , xk).
This equation will be crucially used in Section 6. Remark that it is related to the
degeneration of holomorphic discs with one interior constraint(see Figure 1).
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Figure 1. A degeneration of holomorphic discs with interior con-
straint α. In broken discs, components without interior constraints
correspond to mk(~p) and components with interior constraints cor-
respond to q1,k(α; ~p).
4. Category of matrix factorizations
Let R be a commutative algebra and W ∈ R be a non-zero-divisor. A ma-
trix factorization of W is a Z/2-graded R-module E = E0 ⊕ E1 with a degree 1
endomorphism
Q =
Å
0 Q01
Q10 0
ã
, where Qij ∈ Hom(Ej , Ei),
satisfying Q2 = W · Id. We denote the above data by (E,Q) for short.
Matrix factorizations of W form a differential Z/2-graded category MF (R,W )
as follows: given two matrix factorizations (E,Q), (F,Q′), Z/2-graded morphisms
from (E,Q) to (F,Q′) are given by homomorphisms
Φ =
Å
Φ00 Φ01
Φ10 Φ11
ã
, where Φij ∈ Hom(Ej , F i).
Compositions of morphisms are defined in the obvious way. The differential on a
morphism is defined as
δΦ := QΦ− (−1)|Φ|ΦQ
for morphisms of homogeneous degrees.
We often write as MF (W ) instead of MF (R,W ). The cohomology category
[MF (W )] := H0(MF (W )) with respect to δ is a triangulated category. The fol-
lowing theorem illustrates the geometric relevance of categories of matrix factoriza-
tions.
Theorem 4.1 ([19]). [MF (W )] ' Dsg(Spec(R/W )).
Dsg(X) is defined for a variety X by the quotient of D
b(X) by Perf(X) which is
a thick subcategory consisting of complexes which are quasi-isomorphic to bounded
complexes of locally free sheaves(in affine case, projective modules). If X is smooth
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then Dsg(X) is trivial, hence the category roughly measures how the variety is
singular.
We are particularly interested in the case W ∈ R = Λ[x±1 , · · · , x±n ] with isolated
critical points. According to the above theorem of Orlov, [MF (W−λ)] is nontrivial
if and only if λ is a critical value of W . For a critical point η of W , let
Rˆη := Λ[[x1 − η1, · · · , xn − ηn]].
If there are finitely many critical points, we take a direct sum of categories over all
critical points as
MF (W ) :=
⊕
η∈Crit(W )
MF (Rˆη,W −W (η)).
The direct sum of categories means that there are no nontrivial morphisms between
objects in different summands.
5. Mirror symmetry
5.1. Closed string mirror symmetry. Let X be compact toric Fano. One of
the simplest version of closed string mirror symmetry is the following:
Conjecture 5.1. There is a ring homomorphism
QH∗(X) ∼= Jac(PO)
where W is the Landau-Ginzburg mirror.
There were some related results due to [3, 18]. While these approaches are
explicit and given by algebraic methods, the following Fukaya-Oh-Ohta-Ono’s con-
struction of the isomorphism is rather geometric.
Theorem 5.2 ([14]). For a compact toric manifold X(not necessarily Fano), the
ring isomorphism above can be given by
ks : QH∗(X)→ Jac(PO),
α 7→ [‹ks(α)]
where PO is the leading order potential and
Jac(PO) =
Λ[y±1 , · · · , y±n ](
y1
∂PO
∂y1
, · · · , yn ∂PO∂yn
) .
Recall the definition of ‹ks from Section 3.3: we counted holomorphic discs with
interior constraints.
5.2. Localized mirror functor. Given a potential function W ∈ R, we mod-
ify the convention of the dg category (MF (W ), δ, ◦) to obtain an A∞-category
(MFA∞(W ),m
MF
1 ,m
MF
2 ). Objects are still matrix factorizations of W , and mor-
phism spaces are
HomMFA∞ (W )((E,QE), (F,QF )) := HomR(F,E).
mMF1 and m
MF
2 are defined as
mMF1 (Φ) := δ(Φ) = QE ◦ Φ− (−1)|Φ|Φ ◦QF ,
mMF2 (Φ,Ψ) := (−1)|Φ|Φ ◦Ψ.
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Then mMF1 and m
MF
2 satisfy A∞-relations (2.1). We also define
MFA∞(W ) :=
⊕
η∈Crit(W )
MFA∞(Rˆη,W −W (η)).
Let (L, b) be a weakly unobstructed Lagrangian where b = x1X1 + · · ·+ xnXn,
and let W = mb0 be a function on the space of weak Maurer-Cartan solutions. For
any other weakly unobstructed Lagrangian L with potential value λ (i.e. there
exists a Maurer-Cartan element b0 such that m
b0
0 = λ), the A∞-equation gives the
following matrix facatorization identity
(mb0,b1 )
2 = W − λ.
Theorem 5.3 ([5]). We have an A∞-functor LML from Fukaya A∞-category to
A∞(MF (W )). On the level of objects, it sends a weakly unobstructed Lagrangian
L with Maurer-Cartan element b0 to the matrix factorization (E,Q), which is given
by
E := Hom
(
(L, b0), (L, b)
)
, Q := −mb0,b1
On the level of morphisms, LMLk is defined as
(5.1) LMLk(x1, · · · , xk)(•) := mk+1(x1, · · · , xk, •).
Then these data define an A∞-functor.
Remark 5.4. In [5, 6], they considered CF
(
(L, b), (L, b0)
)
instead. In the current
convention, we do not have any sign in (5.1).
Proof. To avoid confusion, let {mFuk } be A∞-operations of the Fukaya category,
while mMF1 and m
MF
2 are A∞-operations of MFA∞(W ). We need to show that
LML(mˆFu(x1, · · · , xk))
=
∑
~x1⊗~x2=x1⊗···⊗xk
mMF2 (LML(~x1),LML(~x2)) +mMF1 (LML(x1, · · · , xk)).(5.2)
The left hand side can be written as∑
~x1⊗~x2⊗~x3=x1⊗···⊗xk
(−1)|~x1|′mFu(~x1 ⊗mFu(~x2)⊗ ~x3, •).
By definition of mMF2 , ∑
~x1⊗~x2=x1⊗···⊗xk
mMF2 (LML(~x1),LML(~x2))
=
∑
~x1⊗~x2=x1⊗···⊗xk
(−1)|~x1|′+1LML(~x1) ◦ LML(~x2)
=
∑
~x1⊗~x2=x1⊗···⊗xk
(−1)|~x|′+1mFu(~x1,mFu(~x2, •)).
The last term equals to
−mFu1 mFuk+1(x1, · · · , xk, •)− (−1)|x1|
′+···+|xk|′+1mFuk+1(x1, · · · , xk,−mFu1 (•)).
Summarizing, the equation (5.2) is nothing but an A∞-relation of the Fukaya
category, and we are done. 
For compact toric Fano manifolds, the above construction indeed gives homo-
logical mirror symmetry.
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Theorem 5.5 ([6]). For any compact toric Fano manifold X, the localized mirror
functor
LML : Fu(X)→MFA∞(PO)
is an A∞-equivalence for the monotone fiber L with b = x1e1 + · · · + xnen, where
{ei} is a basis of H1(L,Λ) and xi are formal variables.
6. Main result
Recall the closed-open map CO : QH∗(X) → HH∗(Fu(X)). We give a mirror
counterpart γ : Jac(PO) → HH∗(MFA∞(PO)) of the map CO by the following
lemma. Recall that the notation MFA∞(PO) means a direct sum of categories
MFA∞(PO) =
⊕
η∈Crit(PO)
MFA∞
(
Rˆη,PO−PO(η)
)
.
Also recall that if PO has isolated critical points we have a decomposition of
Jac(PO) into local rings
Jac(PO) =
⊕
η∈Crit(PO)
Jac(PO; η).
For simplicity let A := Fu(X), B := MFA∞(PO) and Bη := MFA∞
(
Rˆη,PO −
PO(η)
)
.
Lemma 6.1. The following map is a well-defined ring isomorphism:
γ : Jac(PO)→
⊕
η∈Crit(PO)
HH∗(Bη), [r] 7→
∑
η∈Crit(PO)
[φrη ]
where
[r] =
∑
η∈Crit(PO)
[rη]
for [rη] ∈ Jac(PO; η), and
φrη =
⊕
X∈Ob(Bη)
rη · idX ∈ CH∗(Bη)
which is a Hochschild cocycle with length zero part only.
Proof. Let C = MFA∞(Rˆ,PO), where Rˆ is the completion of R at the ideal
m which supports a critical point of PO. Recall from [9] that the isomorphism
γ : Jac(PO)→ HH∗(C) is induced by the map
Jac(PO)→ RHomC−C(C∆, C∆), [r] 7→ (C∆ r·−→ C∆).
Replacing with the bar resolution B(C∆), the map r· : C∆ → C∆ lifts to the map of
complexes of C-bimodules
· · · // ⊕
B0,B1∈C
C(−, B0)⊗ C(B0, B1)⊗ C(B1,−) //

⊕
B∈C
C(−, B)⊗ C(B,−) //
r·mC2

0
0 // 0 // C∆ // 0
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and by the following identification
homC−C
(C(−, B0)⊗ C(B0, B1)⊗ · · · ⊗ C(Bp−1, Bp)⊗ C(Bp,−), X)
' homk
(C(B0, B1)⊗ · · · ⊗ C(Bp−1, Bp), X(B0, Bp))
the above map of complexes changes to
· · · // ⊕
B0,B1∈C
C(B0, B1) //

⊕
B∈C
k //
r

0
0 // 0 //
⊕
B∈C C(B,B) // 0
where the map r sends 1 to r · idB for each B. 
We justify that the map γ is indeed the closed-open map on the B-model as
follows: given the open-closed map OC : HH∗(Fu(X)) → QH∗(X) on the A-
model, let σ ∈ HH∗(Fu(X)) be the preimage of the unit 1 ∈ QH∗(X). For
ψ = a0 ⊗ a1 ⊗ · · · ⊗ an ∈ HH∗(C) with C being an A∞-category, recall the cap
product
− ∩ ψ : HH∗(C)→ HH∗(C),
φ∩ψ :=
∑
(−1)?mC∗
(
al+1, · · · , ai, φ(ai+1, · · · , aj)⊗aj+1⊗· · ·⊗an⊗a0⊗· · ·⊗ak
)⊗ak+1⊗· · ·⊗al
where
? = |φ|′(|a0|′ + |a1|′ + · · ·+ |ai|′)
+ (|al+1|′ + · · ·+ |φ(ai+1, · · · , aj)|′ + · · ·+ |an|′)(|a0|′ + |a1|′ + · · ·+ |al|′).
Via the cap product, HH∗(C) is equipped with a module structure over HH∗(C).
Then we have the following important fact:
OC ◦ (∩σ) ◦ CO = id.
In other words, CO = (∩σ)−1 ◦ OC−1 as a linear map.
Now consider the “open-closed map” on the B-model
ξη : HH∗(Bη)→ Jac(PO; η)
which is explained in [7](for original descriptions see [20, 23]). Since it is an isomor-
phism, let ψ := ξ−1η (1) ∈ HH∗(Bη). Let ψ = a0⊗a1⊗· · ·⊗an. Pick rη ∈ Jac(PO; η).
Since γ(rη) =
⊕
X∈Ob(Bη) rη · idX , we have the following computation of cap prod-
ucts:
γ(rη) ∩ ψ = m2(rη · id, a0)⊗ a1 ⊗ · · · ⊗ an = rη · a0 ⊗ a1 ⊗ · · · ⊗ an,
so the following is straightforward:
(6.1) ξη ◦ (∩ψ) ◦ γ = id.
We can summarize the meaning of the above arguments as follows: sinceHH∗(MFA∞(PO))
is a module overHH∗(MFA∞(PO)) which is isomorphic to Jac(PO) via γ, HH∗(MFA∞(PO))
is also equipped with a Jac(PO)-module structure. On the other hand, there is
also a canonical Jac(PO)-module structure on HH∗(MFA∞(PO)) by multiplica-
tion. The above condition (6.1) tells us that these two Jac(PO)-module structures
coincide.
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Theorem 6.2. Let X be a compact toric Fano manifold and PO be its LG super-
potential. Then the following diagram commutes:
QH∗(X) CO //
ks

HH∗(Fu(X))
∼=
[L1M] **
HomA−B−bimod(M,M)
Jac(PO)
γ // HH∗(MFA∞(PO))
∼=
[R1M]
44
so ks becomes a ring isomorphism.
Proof. Let LML : Fu(X) → MFA∞(PO) be the localized mirror functor whose
reference L is the monotone torus fiber. Recall our notations A = Fu(X) and
B = MFA∞(PO). For a compact toric Fano manifold X, LML is actually an
A∞-quasiequivalence by the result of [6], and the Morita bimodules are given by
M = (LML ⊗ 1)∗B∆, N = (1⊗ LML)∗B∆
so that M⊗B N ' A∆ and N ⊗AM' B∆.
Let Fα := (L1M ◦ CO)(α) ∈ hom•A−B(M,M) for α ∈ QH∗(X). Let (ai : Li →
Li+1)i=1,...,r be a tuple of morphisms in Fuλ(X), fix a reference Lagrangian L
which has a critical value λ and let
m ∈M(Lr+1, P ) = B∆(LML(Lr+1), P ) = B(LML(Lr+1), P )
for some P ∈ Ob(B).
Fr|1|0α (a1, · · · , ar,m)
=L1M(CO(α))(a1, · · · , ar,m)
=
∑
(−1)|a1|′+···+|ai|′µi+r−j+1|1|0M (a1, · · · , ai, q(α; ai+1, · · · , aj), aj+1, · · · , ar,m)
=
∑
(−1)|a1|′+···+|ai|′mB2
(
LML(a1, · · · , ai, q(α; ai+1, · · · , aj), aj+1, · · · , ar),m)(6.2)
and Fr|1|sα = 0 if r and s are both nonzero, since B has A∞-operations only up to
m2.
Also, for Gα := (R1M ◦ γ ◦ ks)(α) ∈ hom•A−B(M,M),
G0|1|0α (m) = R1M(γ(ks(α)))(m) = (−1)|m|mB2
(
m, ks(α) · idP
)
and Gr|1|sα = 0 if r 6= 0 or s 6= 0. The sign (−1)|m| is due to the definition of RpM in
Lemma 2.16.
We show that
Gα −Fα = δξα
for some ξα ∈ hom•A−B(M,M), so [Fα] = [Gα] in HomA−B(M,M). For any r ≥ 0,
let
ξr|1|0α (a1, · · · , ar,m) := mB2 (q(α; a1, · · · , ar, •),m)
and ξ
r|1|s
α = 0 if s 6= 0. Then |ξα| = 0. Here, q(α; a1, · · · , ar, •) is a morphism in B
from CF (L1,L) to CF (Lr+1,L), i.e. the bullet means an input in CF (Lr+1,L).
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First let r ≥ 1. Then (Fα − Gα)r|1|0 = Fr|1|0α , and continuing from (6.2),
Fr|1|0α (a1, · · · , ar,m)
=
∑
(−1)|a1|′+···+|ai|′mB2 (LML(a1, · · · , ai, q(α; ai+1, · · · , aj), aj+1, · · · , ar),m)
=
∑
(−1)|a1|′+···+|ai|′mB2 (mAi+r−j+1(a1, · · · , ai, q(α; ai+1, · · · , aj), · · · , ar, •),m)
=
∑
mB2
(
(−1)|~a1|′+1q(α;~a1,mA(~a2, •)) + (−1)|~a′1|′+1q(α;~a′1,mA(~a′2),~a′3, •),m
)(6.3)
+
∑
(−1)|~a1|′+1mB2
(
mA(~a1, q(α;~a2, •)),m
)(6.4)
±
∑
mB2
(
q(α; a1, · · · , ar, •,mL0 (1)),m
)(6.5)
±
∑
mB2
(
mAr+2(a1, · · · , ar, •, qL0 (α)),m
)
.
(6.6)
Recall that the identity at (6.3) is given by the formula (3.1). Also observe that
(6.3) = −(−1)|ξα|(ξα ◦ µˆM)(a1, · · · , ar,m).
On the other hand, the following also holds
(6.4) = −(µM ◦ ξˆα)(a1, · · · , ar,m),
by computations below:∑
mB2
(
(−1)|~a1|′+1mA(~a1, q(α;~a2, •)),m
)
=
∑
mB2
(
(−1)|~a1|′+1mA(~a1, •) ◦ q(α;~a2, •),m
)
=
∑
mB2
(
mB2
(
mA(~a1, •), q(α;~a2, •)
)
,m
)
=
∑
(−1)|~a1|′mB2
(
mA(~a1, •),mB2
(
q(α;~a2, •),m
))
=
∑
(−1)|~a1|′+|~a1|′+1mB2 (mA(~a1,mB2
(
q(α;~a2, •),m
))
=− (µM ◦ ξˆα)(a1, · · · , ar,m).
Furthermore, (6.5) and (6.6) vanish since mL0 (1) and q
L
0 (α) are both constant
multiples of A∞-unit. Hence,
(Gα −Fα)r|1|0 = (δξα)r|1|0 for r > 0.
If m ∈ B(LML(L), P ), then we have
(Fα − Gα)0|1|0(m)
=mB2 (LML(qL0 (α)),m)− (−1)|m|mB2 (m, ksλ(α) · idP )
=mB2 (LML(qL0 (α)),m)−m ◦ (ksλ(α) · idP )
=mB2
(
mA2
(
qL0 (α), •
)− (−1)|•|mA2 (•, qL0 (α)),m)(6.7)
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and by (3.1) again,
(6.7)
=−mB2
(
q(α;mA1 (•)) +mA1 (q(α; •)),m
)
(6.8)
−mB2
(
q(α;mL0 (1), •) + (−1)|•|
′
q(α; •,mL0 (1)),m
)
(6.9)
and since mL0 (1) and m
L
0 (1) are both (multiples of) A∞-units, (6.9) vanish. On the
other hand,
(δξα)
0|1|0(m)
=ξα(m
B
1 (m)) +m
B
1 (ξα(m))
=mB2
(
q(α; •),mB1 (m)
)
+mB1
(
mB2 (q(α; •),m)
)
(6.10)
and we observe that
q(α;−mA1 (•))−mA1 (q(α; •)) = mB1 (• 7→ q(α; •)),
but by A∞-relation on B we have
mB2
(
mB1 (q(α; •)),m
)
+mB2
(
q(α; •),mB1 (m)
)
+mB1
(
mB2
(
q(α; •),m)) = 0,
hence
(6.8) = −(6.10) = −(δξα)0|1|0(m).
Finally, we show (δξα)
r|1|s = 0 for s 6= 0, so that in this case
(Gα −Fα)r|1|s = (δξα)r|1|s
where the left hand side is automatically zero by definition of Gα and Fα.
Since B has no A∞-operations m≥3, we only need to compute (δξα)r|1|1.
δξα(a1, · · · , ar,m, b)
=(−1)|a1|′+···+|ar|′ξα(a1, · · · , ar,mB2 (m, b))
+ ξα(mˆ(a1, · · · , ar),m, b)(6.11)
+
∑
(−1)|a1|′+···+|ai|′ξα(a1, · · · , ai, µM(ai+1, · · · , ar,m), b)(6.12)
+mB2 (ξα(a1, · · · , ar,m), b).
By property ξ
r|1|s
α = 0 for s 6= 0, (6.11) and (6.12) are zero, and
(−1)|a1|′+···+|ar|′ξα(a1, · · · , ar,mB2 (m, b)) = (−1)|a1|
′+···+|ar|′mB2
(
q(α; a1, · · · , ar, •),mB2 (m, b)
)
,
mB2
(
ξα(a1, · · · , ar,m), b
)
= mB2
(
mB2
(
q(α; a1, · · · , ar, •),m
)
, b
)
.
The sum of above two terms is zero due to the A∞-relation of mB2 , hence
δξα(a1, · · · , ar,m, b) = 0.
Summarizing all above arguments, we conclude that
(Gα −Fα)r|1|s = (δξα)r|1|s
for any r and s, so on the cohomology level,
[Fα] = [Gα].
20 SANGWOOK LEE
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